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LetQ be the 4-dimensiona-l real space (and f ield) of quaternions. j '  j2, j rbeing the quater-
nionic units, a -operation is defined on e by putting

x0 + xr  j r+ x '  j r+ x l  j r  = xo -  xt  j ,  -  a2 iz -  * l  j l ,

a can then be writ ten as the direct sum Q = Q.eQ" of the one-dirnensional real space eof
self-adjoint (scalar) quaternions and the three-dimen-sionai-reaI space e" of antiself-aajoini lvedt 'o-
r ial) quaternione. Putt ing jr  = i  ok where the dr. are Paulirs matrices, quEternions can be considered
as a set of 2 x 2 complex matrices,-being then the usual operation of taking the adjoint matr ix.
Qisaneucl id ianspaceunderthenorml lq l  I  g iventVl lq l l r=Cq=xo2+xr2 lxz2+x32,thecor-

respondingrealscalarproductbeing(q,q ' )=t t" too')=;(qq'+q'ql .nacncomplex2x2

matrix can be uniquely written as q + iqt, q arrd qt being quaternions.

M shall  be a ?-dimensional real eucl idian charge-space for mesons, taken as the direct sum
U = g eQ of a 3-dimensional pionic eubepace isomorphic to $ and a 4-dimensional kaonic sub-
sPace isomorphic to Q. To assign part icles on a precise way, the general element M of M shal l  be
takenas M =n (EK,n andKbeingthe quaternions (wr i t ten as2x 2matr ices):

K = vz (K -K.)
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' " - t l
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(we have To = i1r3)-

The baryon charge space shall be the (B dimensional complex) spin space of M, taken as the
compler extension E + iB of an B-dimensional eucl idian real space B which we shal l  describe as
the direct sum B = Q e Q of two 4-dimensional real spaces both isomorphic to g *d correspon-
ding respectiveii to-nuclEon - E and x - A : precisely, the most general baryon charge state B
shall be v/ritten as B = N (EX where N and X are the 2 x 2 matrices (not quaternions)

(we have X" = i Xi )

The different kinds of invariance for strong interactions considered in the literature can then
be described on the following sin'ple fashion : the basic Clifford matrix p for M, related to the
Cayley octonians, is a l inear operator on B depending l inearly on the elements M of M (the p's are
the equivalents forMof Diracrs '1 rsforMinkowskispace).  AsB=Qeg pcanbewri t tenasa
2 x 2 nn.e-trix of linear operators on Q, namely

p(M) =p(,r  oK) = (k[3 l [ f i )
where L(q) and R(q) denote the linear operators on Q obtained respectively by multiplying left or
r ightby the quaternion q. (note that f i  -  -  l i ) .  I t  is easi ly veri f ied that these p - matr ices satisfy
the anticommutation rules
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{ot tu l ,  p( tu ' ) l  = -2(M, M')  = -  2(n,n ' )  -  2(K, Kt) .

A being now an orthogonal transformation of M of determinant + 1 the corresponding spin transfor-
mation E [A] of B is defined by the covariance ru.Le

p (A M) = s tAl  p (M) s t r r l - r

Al l  candidates for the invariance group of strong interactions are some subgroups of the special
orthogonal group on M accompanied by the corresponding spin subgroups on B. Usually one considers
only subgroups already contained in the subgroup $ which let invariant the two subspaces Q, and
Q of M corresponding to rr and K mesons. The corresponding .t \ ts and their induced I ful lrs on B
can expl ici tely be described by means of rnult ipl icat ions by quaternions : they are easi ly seen to
be of the form

n,{ l r* ;Fr
where P, Q and R are arbitrary quaternions of norm 1.

$ is thus seen to be the product of 3 commuting subgroups each of them isomorphic to the
group of unitary quaternions ( i .e. the iovering group of the group of rotat ions in 3 dimensions).

a) The group of isotopic spin transformation is obtained by taking Q = n, P = I.

b) The hypercharge Y is defined by taking the infinitesimal transformation Q = R = I
P = I  +ei3.

c) Electromagnetic gauge transformation is obtained by putting P = Q = g = g]" ;3 .

Considering only r -interactions we have :

d) global invariance P, Q, R arbitrary ;

e) restr icted invariance Q, R arbitrary, P = eer3.

f) Taking P = R = I, Q arbitrary, one obtains Tiomnors doublet approximation.

g) As a possible invariance group not contained in g we refer to J. M. Souriau [Z] .

The most symmetric lagrangian for strong interactions is

E = i (8,  p(M) B) = 
] t .1Nri  

N -  x r  t  + x K N -  NKt) .

It is evident in this formalism that P is invariant by the fuII special orthogonal group of the seven
dimensional M. P ig a possible candidate for the leading part of strong ilteractions at ultra high
energles.

REFERENCES

-L -  J.  M. SOURIAU - CR Acad. Sciences Par is 250 280? (1960).

,Z -  J.M. SOURIAU - CR Acad. Sciences Par is 251 1612 (1960).

3 -  D. C. PEASLEE - Phys. Rev. 11? 8?3 (1960).

4 -  S.A. WOUTHUYSEN - CERN prepr int  96?0/TH 129 (1960).

(  N +RNP-r
6t^ l  ' i  r  +f txe-r

170


