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Let Q be the 4-dimensional real space (and field) of quaternions. jp Jp J,being the quater-
nionic units, a ——operation is defined on Q by putting

0 1 = 2 = I = o0 1 = . -
X+ xtj g, 0,=x - x h-x g, -2 g,

Q can then be written as the direct sum Q=Q, ® Q, of the one-dimensional real space Q of
self-adJomt (scalar) quaternions and the three-dimensional real space Q, of antigelf-adjoint (vecto—
rial) quaternions, Putting j, =i O, where the 0, are Pauli's matrices, quaternions can be considered
as a set of 2 x 2 complex matrices, being then the usual operation of taking the adjoint matrix.

Q is an euclidian space under the norm |[lg iven b qll? = g9 q = x°?+ x* + x2% + x3% the cor-
g M q

responding real scalar product being (g, q') = % Tr(q q') = % (a q' + a' q). Each complex 2 x 2
matrix can be uniquely written as q + iq', q and q' being quaternions.

M shall be a 7-dimensional real euclidian charge-space for mesons, taken as the direct sum
M = Q, ®Q of a 3-dimensional pionic subspace isomorphic to Q and a 4-dimensional kaonic sub-
space 1somorphlc to Q. To assign particles on a precise way, the general element M of M shall be
taken as M = T @K, n and K being the quaternions (written as 2 x 2 matrices) :

.- 7° _\/;-ﬂ K = V3 ﬁo -K*
Vam- - e K- Ke

The baryon charge space shall be the (8 dimensional complex) spin space of M, taken as the
complex extension B + iB of an 8-dimensional euclidian real space B which we shall describe as
the direct sum B = Q @ Q of two 4-dimensional real spaces both 1somorphlc to Q and correspon-
ding respectwely to nucleon -E and 5 - A : precisely, the most general baryon charge state B
shall be written as B = N @2 where N and I are the 2 x 2 matrices (not quaternions)

0 o o - +
N=V‘2<“ p> =<A + 3 V2 5
vZ2 I A° - z°
(we have ° = iZ’)

The different kinds of invariance for strong interactions considered in the literature can then
be described on the following siniple fashion : the basic Clifford matrix p for M, related to the
Cayley octonians, is a linear operator on B depending linearly on the elements M of M (the p's are
the equivalents for M of Dirac's y's for Minkowski space). As B =Q® Q p can be written as a
2 X 2 matrix of 11near operators on @, namely

P(M) =p(n ®K) = (_11{21% ig%)

(we have 7° = imd),

where L(q) and R(q) denote the linear operators on Q obtained respectively by multiplying left or

right by the quaternion q. (note that n = - ). It is easily verified that these p - matrices satisfy
the anticommutation rules
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{p(M), p(M‘)} = -2(M, M'Y) = - 2(n,n") - 2(K, K').
A being now an orthogonal transformation of M of determinant + 1 the corresponding spin transfor-
mation 3 [A] of B is defined by the covariance rule

P (A M) =8[A]p (M) S[A]™

All candidates for the invariance group of strong interactions are some subgroups of the special
orthogonal group on M accompanied by the corresponding spin subgroups on B. Usually one considers
only subgroups already contained in the subgroup ¢ which let invariant the two subspaces Q, and
Q of M corresponding to T and K mesons. The corresponding A's and their induced & [A)' s on B
can explicitely be described by means of multiplications by quaternions : they are easily seen to
be of the form

-1

A T — R7 R . N — RNP-!
K— QK P 8[Al'y £ —RIQ-
where P, Q and R are arbitrary quaternions of norm 1,

@ is thus seen to be the product of 3 commuting subgroups each of them isomorphic to the
group of unitary quaternions (i.e. the covering group of the group of rotations in 3 dimensions),

a) The group of isotopic spin transformation is obtained by taking Q@ = R, P = L.

b) The hypercharge Y is defined by taking the infinitesimal transformation @ = R =1
P=1+¢ej,.

c) Electromagnetic gauge transformation is obtained by putting P = Q = R = e7 i3,

Considering only 7 -interactions we have :

d) global invariance P, Q, R arbitrary ;

e) restricted invariance Q, R arbitrary, P = e®i3,

f) Taking P = R = I, Q arbitrary, one obtains Tiomno's doublet approximation,

g) As a possible invariance group not contained in § we refer to J.M. Souriau [2].

The most symmetric lagrangian for strong interactions is
2 =i(B,p(M)B)=2lTr(ﬁn N-ZInz+zKN-NKI)

It is evident in this formalism that £ is invariant by the full special orthogonal group of the seven
dimensional M, £ is a possible candidate for the leading part of strong interactions at ultra high
energies,
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